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1. Introduction 

The research on Kadomtsev-Petviashvili (KP) hierarchy jTJ[2] is one of the most important 
topics in the development of the theory of integrable systems. A specific interesting aspect 
on this topic is additional symmetry [SHE]. Additional symmetries are special symmetries 
which are not contained in the KP hierarchy and do not commute with each other. The 
additional symmetry flows of the KP hierarchy form an infinite dimensional algebra W\ +00 
[HI IS]. More recently, there are several new results about partition function in the matrix 
models and Seiberg-Witten theory associated with additional symmetries, string equation and 
Virasoro constraints of the KP hierarchy [9HI3]. In fact, there is a parallel research line on 
additional symmetries of evolution equations and their Lie algebraic structures, particularly 
for 1 + 1 dimensional integrable equations [14] , and the corresponding symmetries are called r 
-symmetries and related Lax operators are constructed pretty systematically [15|fl6]. 

It is well known that we can get different sub-hierarchies of the KP by different reduction 
conditions on Lax operator L. The first two important sub-hierarchies are CKP hierarchy [PT] 
through a restriction L* = —L and BKP hierarchy [1] through a restriction L* = —dLd^ 1 . So 
the additional symmetries of the CKP (or BKP) hierarchy have been constructed [18] - |2~T] and 
shown to be a new infinite dimensional algebra Wi +00 (or Wi +<yo ), which is subalgebra of Wi +0O . 
The third sub-hierarchy is constrained KP (cKP) hierarchy |2"2"H2"4"] . which is obtained by setting 
a special form of Lax operator L = d + YllLi &id~ l ^i, where $j is the eigenfunction and \l/j is 
the adjoint eigenfunction of the cKP hierarchy. This is a relative new reduction condition and is 
different from the reduction conditions of previous two sub-hierarchies. Hence it is very natural 
to explore the additional symmetries of the cKP hierarchy. However, additional symmetry flows 
of the KP hierarchy break the special form of the Lax operator for the cKP hierarchy, and so it 



"Corresponding author, email: hejingsong@nbu.edu.cn. 

1 



2 KELEI TIANf, JINGSONG HE*t, JIPENG CHENGf AND YI CHENG f 

is highly non-trivial to find a suitable form of additional symmetry flow for this sub-hierarchy 
To this end, it is well defined [25] by means of a crucial modification of the corresponding 
additional symmetry flows of the KP hierarchy. Note that a new and complicated operator X^ 
plays a very important role in this procedure. 

Furthermore, the fourth sub-hierarchy and fifth sub-hierarchy are constrained CKP (cCKP) 
[26] and constrained BKP (cBKP) hierarchy [27] , which are obtained by putting the combination 
of the previous mentioned reduction conditions, i.e., CKP and cKP conditions, BKP and cKP 
conditions. Some results associated cCKP and cBKP hierarchies have already been reported, 
for example, a Gramm-type r-function [26J of the cCKP hierarchy and a Pfaffian-form r- 
function [27] of the cBKP are also constructed from the vacuum solution, the dimensional 
reductions of the CKP and BKP hierarchies are presented in [2B]. Moreover, determinant 
representations of the r function, which are generated by the the gauge transformations, of the 
cCKP and cBKP hierarchies are obtained [29]. However, for our best knowledge, there is no 
any results on the additional symmetries of the cBKP and cCKP hierarchies. So, we shall fill 
the gap in this paper by constructing additional symmetries for the two new sub-hierarchies 
and their actions on eigenf unctions and adjoint eigenfunctions. The basic idea is to revise the 
additional symmetry flows of CKP and BKP hierarchies such that the new symmetry flows d£ 
will preserve the form of Lax operator of the cKP hierarchy. This will be realized by introducing 
two vital operators Y k in sequel. 

The paper is organized as follows. We first recall some basic results of the KP hierarchy, 
CKP hierarchy, BKP hierarchy and the constrained KP hierarchy in Section 2. The main 
results are stated and proved in Sections 3 and 4, which are the additional symmetries and its 
action on the eigenfunction and adjoint eigenfunction of the cCKP and cBKP hierarchies, and 
we further show that acting on the space of the wave operator, d% forms new centerless W^^ 
and Wf+^-subalgebra of centerless W\ +00 respectively. Section 5 is devoted to conclusions and 
discussions. 

2. BACKGROUND ON KP HIERARCHY 

In this section we first give a brief introduction of KP hierarchy based on [H[2]. Let the 
pseudo-differential operator 

L = d + u x d- 1 + u 2 d- 2 + w 3 <r 3 + • • • (2.1) 

be a Lax operator of the KP hierarchy, which is described by the associated Lax equations 

dL 

— = [B n ,L], n = l,2,3,---, (2.2) 

dt n 

n 

where B n = (L n ) + = Yl a kd h denotes the non-negative powers of d in L n , d = d/dx, Ui = 

k=0 

Ui(x = t\,t2,t3, ■ - •). The other notation L n _ = L n — L™ will be used in the paper. The 
Lax operator L in eg. (12.11) can be generated by dressing operator S = 1 + YlkLi s kd~ k in the 
following way 

L = SOS' 1 . (2.3) 

The dressing operator S satisfies Sato equation 

(99 

w = -(L n )S, n = l,2,3,.... (2.4) 
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The wave function w(t, z) of the KP hierarchy is defined by 

w(t,z) = Se^> z \ (2.5) 

where £(£, z) = t\Z + t 2 z 2 + t 3 z 3 + • ■ ■ + t n z n ■ ■ ■ . The wave function satisfies the equations 

d 

L k w(t, z) = z k w(t, z), —w = B n w, keZ,neN. (2.6) 

ut n 

Moreover w(t, z) has a very simple expression by r function of the KP hierarchy 

W (t, z) = ^-i t ;-^^-3?.'-) e ^) i (27) 

T{t 1 ,t 2 ,t 3 ,- ■■) 

Beside the existence of the Lax operator, wave function, r function for the KP hierarchy, 
another important property is the Zakharov-Shabat equation and associated linear equation. 
In other words, KP hierarchy also has an alternative expression, i.e., 

dB m dB Ti 



dt n dt r 



+ [B m ,B n } = 0, m,n = 1,2,3, •••. (2.8) 



The eigenfunction $ = $(t l5 1 2 , t 3 , • • ■ ) and adjoint eigenfunction \I/ = \l/(£i, t 2 , t 3 , ■ ■ ■ ) of KP 
hierarchy associated to (12.81) are defined by 

_-(*,),_--(*,), (2.9) 

where the symbol * is the formal adjoint operation. For an arbitrary pseudo-differential operator 
P = J2Pi^\ P* = J2(~^yd l Pii an d (AB)* = B*A* for pseudo-differential operators A and B. 

i i 

For example, d* = —d, (<9 -1 )* = —d^ 1 . 

To construct additional symmetries associated with the KP hierarchy, let us introduce T and 

oo 

Orlov-Shulman's M operator as T = Y2 Hid 1 ' 1 and M = STS' 1 . Dressing [<9& — d h , T] = gives 

[d k -B k ,M] = 0,i.e. 

d k M=[B k ,M], (2.10) 

and then 

d k {M m L n ) = [B k ,M m L n ]. (2.11) 

Thus, the additional flows are defined by 

OS 



dt* 



-(M m L n )_S, (2.12) 



rn.n 



or equivalently 

8T 

— = -[(M m L n )-,L]. (2.13) 

^ m,n 

Here (M m L n )_ serves as the generator of the additional flows along the new time variables t* m n . 

d 

The additional flows d^ n = -^— — commute with the hierarchy, i.e. [d^ n , d k ] = but do not 

m,n 

commute with each other, they indeed determine symmetries. Therefore these flows d^ n are 
also called additional symmetry flows, and they forms a centerless Wi+oo algebra [5|,[8] acting 
on the spaces of the Lax operator L and wave operator S. 
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The CKP hierarchy is a reduction of the KP hierarchy through the constraint on L given by 
eq.fl2HJ) as 

L* = -L, (2.14) 

then L is called the Lax operator of the CKP hierarchy, and the associated Lax equation of the 
CKP hierarchy is 

dL 

— = [B n ,L],n= 1,3,5, .... (2.15) 

which compresses all even flows, i.e. the Lax equation of the CKP hierarchy has only odd flows. 
Additional symmetry flows [18] for the CKP hierarchy are defined as 

7 ^ = -i(A m ,i)-,L], (2.16) 

where A m> i for the CKP hierarchy should satisfy 

Kn,i = ~A m ,i, (2.17) 

we can assume A m ^ be 

A m:l = M m L l - (-l) l L l M m , (2.18) 

where 

oo 

M = S(^(2i + l)t 2i+l d 2i )S- 1 . (2.19) 

Acting on the space of the wave operator S, d^ nl of the CKP hierarchy forms a new center less 
Wi +00 - subalgebra of centerless W\ +00 . 

If Lax operator L given by eq. (12 . 1 j) satisfies 

L* = -dLd~\ (2.20) 

then L is called the Lax operator of the BKP hierarchy, the Lax equation of the BKP hierarchy 
also has only odd flows 

dL 

— = [B n ,L},n = 1,3,5, •••. (2.21) 
at n 

Additional symmetry flows [T9~||2"0"] for the BKP hierarchy are given by 

r)T 

— = -p m ,0_,L], (2.22) 

Ul m,l 

where A m j for the BKP hierarchy should satisfy the constraint equation 

A* m>l = -dA mtl d-\ (2.23) 

then A m j for the BKP hierarchy could be chosen as 

A m j = M m L l - (-l) l L l - 1 M m L, (2.24) 

where 

oo 

M = S(^(2i + l)t 2i+l d 2i )S- 1 . (2.25) 

j=0 

Acting on the space of the wave operator S, d^ l of the BKP hierarchy forms another new 
centerless Wf +00 - subalgebra of centerless Wi +OQ . 
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We now turn to the cKP hierarchy [22H21] . The Lax operator L of the constrained KP 
hierarchy is given by 

m 

L = d + J2®* d ^ii ( 2 -26) 

i=l 

where $, (\l/j) is the (adjoint) eigenfunctions of this hierarchy, and the corresponding Lax 
equation is formulated as 

dL 

— = [B n ,L],n = 1,2,3, .... (2.27) 

In particular, we stress that eigenfunctions and adjoint eigenfunctions {$j,\l/j} are important 
dynamical variables in cKP hierarchy, so it is necessary to find the action of the correct ad- 
ditional symmetry flows on them. Here the correct flow d T means its action on L of the cKP 
hierarchy should be the form of [25] 



(<9 T L)_ = ^(AT 1 ^ + ^d-'B), (2.28) 



i=X 



which will result in its action on (<9 r $j = A) and {d T ^i = B). However, in general, the 
additional symmetry flows of the KP hierarchy acting on L of the cKP hierarchy are not the 
form of eg. (12. 28 p . In other words, these flows do not preserve the form of the Lax operator of 
the cKP hierarchy, the fact shows additional symmetry of the KP hierarchy is not consistent 
with cKP reduction condition automatically. Therefore, the additional symmetry flows have to 
be revised according to the analysis above, and then the correct additional symmetry flows of 
the cKP hierarchy are given by [25] 

d* k L =[-(ML k )^ + X k _ 1 ,L],k = 0,1,2,3,- --, (2.29) 



where 
and 

Furthermore 



m k—2 



X k ^ = Q,k = 0,1,2 
X k .! = EEO' - \(k - 2))L k - 2 ->($ t )d-\Ly^ t ),k> 3. (2.30) 

t=l j=0 

dl<S>i = ^L k -\^) + X k ^{%) + (A lifc ) + (^), (2-31) 

%% = h^^^A - X* k _ t (%) - (A 1Jt r + (9i). (2.32) 

3. Additional symmetries of constrained CKP hierarchy 

Let us consider the constrained CKP hierarchy, which is the C-type sub-hierarchy of cKP 
hierarchy. The Lax operator L of the cCKP hierarchy [26] is given by 

m 
L = d + Y,(<lid- l r l + r i d- 1 q l ), (3.1) 

where g, and r^ are eigenfunctions. The corresponding Lax equation of the cCKP hierarchy is 
defined by 
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dL 

— = [S ft ,L],n = 1,3,5,..-. (3.2) 

For fc = 1,3, 5, • • •, we first try to calculate the original additional symmetry flows of the 
CKP hierarchy as 

r)T 

- ,-[(A 1)fc )_,L], (3.3) 



[(A lifc ) + ,L]_ + 2(L fc )_. (3.4) 



Ul l,k 

where A ljfc = ML k - (-l) fe L fc M. Thus 

(— ) = 

In order to get its action on q^ and r iy we need the form of (L k )_. 

Lemma 3.1. The Lax operator L of the constrained CKP hierarchy given by eg. (13.11) satisfies 
the relation 

m k—X 

(L*)_ = ^El^" 1 ^) 9 " 1 ^?^) + i^Wr^ry'fe)), fe = 1, 3, 5, • • • (3.5) 

where 

m 

L{qi) = L+(qi) + ^fed" 1 ^) + r^" 1 ^)). 

3=1 

However, {L k )_ is not in the form of 

m 

(«9 T L)_ = ^((^U)^ + (d^d-'q, + qid-\d T ri) + nd' 1 (cU)) , (3.6) 

as we expected for a correct flows. Here correctness means we can get the actions on d T qi and 
d T Vi from eq. (13.61) . This shows that eq. (l3.4p can not imply its action on eigenfunctions dl k qi 
and dl k Ti. 

Therefore, in order to get correct additional flows of the cCKP hierarchy, we revise eq. (13.31) 
and then define new flows by 

^L=[-(A ife )_ + y fc ,L],A; = l,3,5,..-, (3.7) 

where A\^ = ML k — (—l) k L k M and Y^ is introduced such that the left hand side of eq. (13.71) 
will be the form of eq. (13.61) . Next, we shall prove new flows d^ are correct additional symmetry 
flows of the cCKP hierarchy. First of all, Y& is discussed, which is crucial to our purpose. 

Lemma 3.2. For the cCKP hierarchy, the CKP reduction condition infers a constraint on 
Y k , 

Y k * = -Y k , A; = l,3,5,-... (3.8) 

Proof. The action of the additional flows d^ on the adjoint Lax operator L* of the constrained 
CKP hierarchy can be obtained by two different ways. We first computet it by a formal adjoint 
operation on both sides of eq. (13. 7p . i.e. 

d* k L* = ([-(A 1;k )_ + Y k , L\Y = [L*, -{A ltk )*_ + Y k *\, k = 1, 3, 5, • • • . (3.9) 
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The another way is to do a derivative with respect to t* k on L* and use CKP reduction condition 
L* = —L, then 

d* k L* = -d* k L = -[-{A 1)k )_ + Y k , L] = [L*, (A lik )_ - Y k ], k = 1, 3, 5, • • • . (3.10) 

Comparing eg. (13.91) and eg. (13.101) . we have 

Y k = —Y k , k = 1, 3, 5, • • • , 

with the help of A* lk = -A 1)k . □ 

Thus we set Y k as 

n = o, (3.ii) 

m k—2 

Y « = H E^' " ( fc " mL k - 2 - J ^d- l {Ly{ Ti ) + L k - 2 ->( ri )d-\L*y( qi )), k > 3, (3.12) 

i=l j=0 

and shall show Y k satisfy the constraint given by eq. (13.8j) . 

Lemma 3.3. 

Y k = -Y k \ (3.13) 

Proof. Y* = Y\ = is obvious, for k = 3, 5, 7, • • • , we have 

m k—2 

i=\ j=0 

m k—2 

= E E^' " ( fc " 2))(-(-l)^'(r l )a- 1 (-l) fc - 2 ^(L*) fc - 2 ^(g l ) 

i=l j=0 

-(-lyi/Cft)^-^-!)*- 2 -^^)*- 2 - 3 '^)) 

= E E^' " ( fc " 2))(^(r09- 1 (L*) fe - 2 ^(g i ) + ^(ft)^ 1 ^)*- 2 "^^)) 

i=l j=0 

m k—2 

= ~ E E( 2/ - (* " 2))(L k - 2 '\q l )d-\L*) l (r l ) + L^-^d^iL*) 1 ^)) 

i=l 1=0 

= -Y k 

In the fourth step we let / = k — 2 — j . □ 

Furthermore, in order to calculate [!&,£] in the eg. ( 13 .71) . the following lemma is necessary. 

Lemma 3.4. For the Lax operator L of the cCKP hierarchy in eg. (l3.ip and a pseudo-different 
operator X = J2k=i ^kd~ 1 N k , the eguation 

i 

[X, L]_ = J^i-HM^d-'N, + M k d- l L*{N k )) 

k=i 
in 

+ E(^(ft)^ _1 ^ + X^d^qi - qid^X^n) - nd^X'iqJ) 

t=l 

holds. 
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Based on the above lemma, we have 

in 
[Y k ,L}_ = -2(L fc )_ + kJ2(L k -\q l )d- 1 r t + L*" 1 ^)^ 1 *) 



i=\ 



+kJ2(<lid- 1 L< k - 1 \r i )+r i d- 1 L< k - 1 \q i )) 

i=l 
in 

+ ^(y fc (g i )9- 1 r, + r fe (r J )9- 1 g l ) 



in 
- Ysilid-'Ytin) + r t d- l Y;{q t )). (3.14) 

«=i 
We are now in a position to calculate the explicit form of the right hand side of the new 
additional flow give by eq. (l3.7p . 

Theorem 3.1. The additional flows acting on the eigenfunction g, and r^ of the constrained 
CKP hierarchy are 

d* k q { = kL k ~\q,) + Y k ( qi ) + (A ljk ) + ( qi ), k = 1, 3, 5, • • • (3.15) 

and 

din = kL k -\ n ) + Y k (n) + (A ltk ) + ( n ), k = l, 3, 5, • • • . (3.16) 

Proof. From the revised definition of the additional symmetry flows in eq. (!3.7[) of the cCKP 
hierarchy, by a short calculation, we have 

d* k L_ = [-(A 1>fc )_ + Y k , L]_ = [(A lik )+, L]„ + 2(L k )_ + [Y k , L]_. 

Using eq. (j3.14|) and the technical identity [K, fd~ 1 g\- = K(f)d~ 1 g — fd~ 1 K*(g) (where /, g 
are arbitrary functions and K is a purely differential operator), note that k — 1, 3, 5, • • • , it is 
followed by 

OIL. = Y,({kL k -\q t ) + Y k ( Qi ) + (A hk ) + (q t ))d-\ 
i=i 

+ {kL k -\n) + Y k {ri) + {A l>k ) + {r i ))d- 1 q i 

+ q ^-\k{V) k '\n) - y;(r 4 ) - (^ftM) 

+ ri d- l (k(L*) k - l ( qi ) - Y k *( qi ) - (A l , k )l(q l )) 
thus 

fl2g, = fcL*- 1 ^) + n(ft) + (A,*)+(%) = fc(^) fe_1 (9i) - i7(ft) - (^);(a), 

d k Ti is also obtained at the same time. □ 

Corollary 3.1. The additional flows act on wave operator S of the constrained CKP hier- 
archy as 

d* k S = (-(A M )_ + Y k )S, k = 1, 3, 5, - • • . (3.17) 

Theorem 3.2. The additional flows d k commute with the constrained CKP hierarchy flows 

d t2n+1 = -w. , i.e. 

Ol2n+l 

[d* k ,d t2n+1 }=0. (3.18) 
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Thus d^(k = 1, 3, 5, • • • ) are indeed the additional symmetry flows of the cCKP hierarchy. 
Proof. The proof starts with the definition 

[d* k ,d t2n+1 ]S = d* k (d t2n+1 S)-d t2n+1 (d* k S), 
and using the action of the additional flows, we get 

[dl,d t2n+1 ]S = -dl (L 2 ^S) + d t2n+1 (((A 1>k ). - Y k )S) 

-(d* k L 2n+1 )_S - (L 2n+1 )4d* k S) + d t2n+1 ((A ljk )_ - Y k )S 
+ ((A ltk )_-Y k )(d t2n+1 S). 

Taking eq. (13.171) of Corollary 1 into the above formula, it is not difficult to compute 

[d* k ,d t2n+1 ]S = [(A 1>k )_-Y k ,L 2 ^].S + (L^+ l )_((A hk ).-Y k )S 

+ [(L 2n+1 ) + , (A 1)fe )_ - Y k ]_S - ((A 1>k )_ - Y k )(L 2n+l )_S 

= [((A 1|fc )_ - Y k ), L 2n+l ]_S - p iifc )_ - Y k} L 2 + n+l }_S + [L 2 _" +1 , (A liJfc )_ - Y k ]S 

= [(Ai,*)_ - Y k , L 2 _ n+1 }_S + [L 2 _ n+1 , (Ai )Jfe )_ - Y k }S = 

We have used the fact that [£,+ +1 , (A m> i)-Y k }- = [L+™ +1 , ((A ltk )- - Y k )}_ in the second step 
of the above derivation, since (Yk)- = Y k and [L 2 f l+ , (A m> j) + ]_ = 0. The last equality holds by 
virtue of (P~)~ = P- for arbitrary pseduo-differential operator P. D 

Taking into account of Y k = —Y k , k = 1, 3, 5, • • • , we can give the next theorem by a 
straightforward and tedious calculation. 

Theorem 3.3. Acting on the space of the wave operator S of the constrained CKP hierarchy, 
dl forms a new centerless Wf^-subalgebra of centerless W^i+oo- 

4. Additional symmetries of constrained BKP hierarchy 

We now turn to the case of the constrained BKP hierarchy, this follows in a similar way 
of the case of the constrained CKP hierarchy. The Lax operator L of the constrained BKP 
hierarchy [27] is given by 

m 

L = d + J2(qid-\ x - nd-^), (4.1) 

1=1 

where the g, and r, are eigenf unctions. The corresponding Lax equation of the constrained 
BKP hierarchy is defined by 

dL 

— = [fl ft ,L],n = 1,3,5,..-. (4.2) 

dt n 

For k = 1, 3, 5, • ■ ■ , at first we calculate the original additional symmetry flows of the BKP 
hierarchy as 

f)T 

— = -[(A ltk ).,L], (4.3) 

OT i,fc 

where A lfk = M m L l - (-l) l L l - x M m L. Thus 

, dL , 



<9f* 



[(A life ) + ,L]_ + 2(L fc )_. (4.4) 
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For the cBKP hierarchy, the action of one flow d T on the eigenfunctions {d r qi) and (d T ri) may 

be derived from its action on the L if 

in 

(d T L)_ = ^((drq^d- 1 ^ - {d r ri)d' x q ijX + qfi* 1 (d T r itX ) - r^ 1 (d T q iyX )) . (4.5) 

i=i 

At the same time, {d r q^ x ) should be consistent with (d T qi), (d T r itX ) should be consistent with 
{d r Ti). However, the following lemma shows that d t * is not the case due to the form of (L k )_. 

Lemma 4.1. The Lax operator L of the constrained BKP hierarchy given by eg. (14.11) satisfies 
the relation 

m k—1 

(L fe ). ^ ^^(L^fejr^L'^'y - L^wr^'^y ), ^ i, 3, 5, • • (4.6) 

i=l j=0 

where 

m 

L(Qi) = L+(qi) + ^2(qjd-\r jjXqi ) - r i 8f; 1 {q i ^). 
i=i 
According to the analysis above, we may revise the flows in eg. (14.31) to define a correct 
additional symmetry flows of the cBKP hierarchy. Similar to the case of cCKP hierarchy, we 
define a new additional flow 

d* k L = [-(A hk )_ + Y k ,L},k = 1,3,5,- ■■ , (4.7) 

where A\ yk = M m L l — (—l) l L l ~ 1 M m L is the generator of the additional symmetry of the BKP 
hierarchy. We shall show in this section that d k is a correct additional symmetry flow for the 
cBKP hierarchy. First of all, by a similar discussion as the case of the cCKP hierarchy, we have 
the following lemma. 

Lemma 4.2. For the cBKP hierarchy, the BKP reduction condition infers a constraint on 
Y k as 

Y* = -dY k d-\ A; = 1,3,5,--- (4.8) 

Thus we can set 
Y 1 = 0, (4.9) 

m k—2 

Y * = H E^' - ( fc - 2))(L fc - 2 -%)<T 1 (L7 (r iiX ) - L k - 2 -J( ri )d-\Ly( qhX )), k > 3. (4.10) 

i=l j=0 

The following lemma shows that {Y k , k = 1, 3, 5, • • • } satisfy the property we need. 

Lemma 4.3. 

Y k * = -dY k d-\ (4.11) 

Proof. Y* — Y\ — is trivial. For k — 3, 5, 7, - • • , we have 

m k—2 

dY k d~ l = £X)(2j - (k - 2))(dL k - 2 ^(q t )d-\L*y(r hX )d- 1 - dL k - 2 ^ {r^dr 1 ^ {q^dr 1 ) 

i=l j=0 

m k—2 

= EE( 2 -? - ( k ~ 2))((-i) fe - 2 - J (^) fc - 2 - J (^)(-iy(^'(r J )9- 1 - d-Wfa)) 

i=l j=0 

- (-if-^i-L^-^ir^i-iyiL^qAd- 1 - d- l V{ qi ))) 
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m k—2 

= ~ E E^' " ( k - m(L*) k - 2 - J (%*)L j (ri)d- 1 - (L^-^iq^d-'L^n) 

t=l j=0 

m A;— 2 

= - E E( 2/ - ( fc - 2))(-(r)'(r^)9- 1 J L fe - 2 -'(g i ) + (^'((ft^^L*""^)) 

4 = 1 Z=0 

m fc— 2 
i=l j=0 

v* 

— ~ r k 

we have used the identity d~ 1 f x d~ l = fd^ 1 — d~ x f as / = (L*)- 7 (r^) and / = (L*y(q itX ) in 
the derivation. □ 

In order to get the explicit form of the right hand side of eq. (14.70 . the following lemma is 
necessary. 

Lemma 4.4. For the Lax operator L of the cBKP hierarchy and X = Yl k =i M k d~ 1 N k , 
i 
[X, L]_ = ^(-LiM^d^Nk + Mkd-'L^Nk)) 
fc=i 

+ Y,{X{q{)d' x r iiX - X{n)d- l q KX - q^ 1 X* (r i>x ) + nd' 1 X\q itX )) 

i=l 

holds. 

Applying the above lemma we conclude that 

in 
[Y k ,L\- = -2(L fc )_ + kJ2(L k -\q t )d-\ x - L*- 1 ^- 1 *,*) 

m 

i=l 

in 

+ E^^*) 9 " 1 ^^ ~ Y k{ r i)d~ l qi, x ) 
i=i 

in 

- E(-^~ ly ** (^) + ns- 1 ^^)). 

i=l 

Theorem 4.1. For the cBKP hierarchy, the additional flows defined by eg. (14.71) acting on 
the eigenfunction q; t and r, are 

dl qi = kL k -\q t ) + Y k ( qi ) - (A M )+(ft), (4.12) 

<9*r, = kL k -\r t ) + Y k (ri) + (A 1)k ) + (n), (4.13) 

d* k%x = -kL< k - l \ %x ) - Y*(q itX ) + (A hk )l(q hX ), (4.14) 

d* k r i>x = -kL< k - x \ ri , x ) - Y*(n, x ) - (A 1:k yjn, x ), k = 1, 3, 5, • • ■ . (4.15) 
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Proof. From the revised definition of the additional flows in eq. (14. 7p of the cBKP hierarchy, by 
a short calculation, we have 

%L- = [-(A 1>k )-+Y k ,L]_ 

= [(A ltk ) + ,L]_ + 2(L k )_ + [Y k ,L}_ 

m 
= ^2(kL k -\ qi ) + Y k (q t ) - (A ltk ) + (q l ))d- 1 r i , x 
i=i 

- (kL k -\ n ) + Y k ( n ) + (Ax^+ir^d- 1 ^ 

+ qidr^-kL*"- 1 ^) - Y k *(r hX ) - (A hk y + (r hX )) 

- ri d-\-kL< k - l \ %x ) - Y k *( %x ) + (A l!k )* + ( %x )) 

thus 

d* k q { = kL k -\ qi ) + Y k ( qi ) - (Ai lfc )+(gO, 
the other three identities could be also obtained in the same way. □ 

Remark 4.1. By a simple calculation, d k q^ x and <9^r ix are not essential and necessary, 
because it can be obtained from d k qi and 9^rj, respectively. 

Corollary 4.1. The additional flows act on wave operator S of the constrained BKP hier- 
archy as 

d* k S = (-(A M )_ + Y k )S, k = 1, 3, 5, ■ • • . (4.16) 

Theorem 4.2. The additional flows d k commute with constrained BKP hierarchy — , 

<%2n+l 

i.e. 

[dl,d t2n+1 ]=0. (4.17) 

This theorem shows d k (k = 1, 3, 5, • • •) are indeed the additional symmetry flows of the cBKP 
hierarchy. 

Using the identity Y k * = —dY k d~ x , k = 1, 3, 5, • • • , we can present the next theorem omitting 
the proof. 

Theorem 4.3. Acting on the space of the wave operator S of the constrained BKP hierarchy, 
dl forms new centerless Wfjj^-subalgebra of centerless Wi +qo . 

5. Conclusions and Discussions 

To summarize, we have constructed the additional symmetries of the constrained CKP hi- 
erarchy in eq. (l3.7p and theorem 3.2. The additional flows action on the eigenfunction of the 
cCKP hierarchy are given in theorem 3.1. Acting on the space of the wave operator S of the 
cCKP hierarchy, dl forms a new centerless W^^-subalgebra of centerless Wi +OQ algebra in 
theorem 3.3. Similarly, the conclusions for the constrained BKP hierarchy are obtained using 
the analogous technique in the case of constrained CKP hierarchy. The main results of the 
cBKP hierarchy are presented in eq. (!4.7p . theorem 4.1, 4.2 and 4.3. Our results show that the 
cCKP and cBKP hierarchies have, indeed, some different properties for additional symmetry 
comparing with the KP, BKP, CKP and constrained KP hierarchies. For example, the defini- 
tions of additional symmetry flows for the cCKP and cBKP hierarchies are different from the 
above hierarchies, the revised operators Y k of the cCKP and cBKP hierarchies are different 
from the corresponding operator X k of the cKP hierarchy given in [23]. Moreover, we also 
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would like to point out that Yj~ of the cCKP and cBKP hierarchies are distinct. We can use the 
similar technique without essential difficulty to construct additional symmetries of the case as 
L k = 3^ + Y1 Qid~ 1 ri + r i d~ 1 qi, k > 1, the results will be given in the future. 
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